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Learning Objectives
▪ To learn about Geometrical meaning of the zeroes of the polynomial.
▪ To understand Relationship between zeroes and coeﬃcient of a polynomial
▪ To know about Division Algorithm of polynomial

Important Terms
▪A polynomial is an expression consisting of variables and constants
that involves only the operations of additions, subtractions,
multiplications and non-negative integer exponent of variable.
▪If p(x) and q(x) are two polynomials such that degree of p(x) ≥ degree
of q(x) and q(x) ≠ 0, then we can ind polynomials g(x) and r(x) such that:
p(x) = q(x)g(x) + r(x), where r(x) = 0 or
degree of r(x) < degree of q(x).
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2.1

Introduction

In previous class, you have studied polynomials in one variable and their
degrees. Recall that, a polynomial involving one variable is called a
polynomial in one variable. And highest power of the variable in a
polynomial is called Degree of Polynomial.
For example:

Since these are not a non-negative integral.
In general,
A polynomial in one variable x of degree n is an expression of the form

We know that based on the degree of the given polynomial, it can be divided in
linear polynomial, quadratic polynomial and cubic polynomial.
A polynomial of degree one is called linear polynomial.
For example: 2m+2, -6x, y etc.
A polynomial of degree two is called quadratic polynomial.
In general, a quadratic polynomial can be expressed in the form ax² + bx + c,
where a≠0 and a, b, c are constants.

A polynomial of degree three is called cubic polynomial.

In general, a cubic polynomial can be expressed in the form ax³ + bx² + cx + d,
where a≠0 and a, b, c, d are constants.

Zeroes of a polynomial
If p(x) is a polynomial in x, and if k is any real number, then the value
obtained by replacing x by k in p(x), is called the value of p(x) at x = k, and is
denoted by p(k).

In general, a real number k is said to be a zero of a polynomial p(x), if p(k)=0.
Now in this chapter we will be studying about geometrical meaning of the
zeroes of the polynomial and relationship between zeroes and coef icient of
a polynomial. We will also study the division algorithm of polynomial.

2.2

Geometrical meaning of the zeroes of a
polynomial

We know that any real number k is a zero of a polynomial p(x) if p(k)=0.
In this section we will see that the geometrical representation of linear
and quadratic polynomial and the geometrical meaning of their zeroes.
First we will see that linear polynomial
In general, for a linear polynomial ax + b, where a ≠ 0, you have already
study that the graph of y = ax + b is a straight line which intersects the
x-axis at exactly one point, namely, (-b/a , 0) . Therefore, the linear
polynomial ax + b, a ≠ 0, has exactly one zero, namely, the x-coordinate of
the point where the graph of y = ax + b intersects the x-axis.
For example:
Consider the graph of y=3x+5
We will choose some values of x and ind the value of y for those values of x.
We have,
x

-1

-2

y=3x+5

2

-1

The straight line y=3x+5 will pass through the point (-1,2) and (-2,-1).
Here is how the graph looks:
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In above igure you can see that the graph of y=3x+5 is a straight
line which intersects the x-axis at exactly one point, namely,
Therefore the zero of the linear polynomial (3x+5) is the x-coordinate of the
point where the graph of y=3x+5 intersect the x-axis.
Next, we look at the geometrical meaning of zeroes of a quadratic polynomial.
Now, consider the quadratic polynomial x² -3x+2.
We will choose some values of x and ind the value of y for those values of x.
We have,

x

-1

-2

0

1

2

3

y =x² -3x+2

6

12

2

0

0

2

Here the graph of y =x²-3x+2 will pass through the point (-1,6)
(-2,12), (0,2), (1,0), (2,0), (3,2).
Let us see what the graph of y =x²-3x+2 looks like.

In the above table shows that 1 and 2 are zeroes of the quadratic polynomial.
Also from the graph above, you can see that 1 and 2 are the x-coordinates of
the points where the graph y=x²-3x+2 intersect the x-axis.
In general, for any quadratic polynomial ax² + bx + c, where a ≠ 0, the graph
of the corresponding equation y = ax² + bx + c has either one of these two
shapes:
▪If a>0, then it is open upwards.
▪If a<0, then it is open downwards.

These curves are called parabolas.
As far as the shape of the graph is concerned, the following three cases are
possible:
Case 1: The graph cuts x-axis at two distinct points A and B, where the xcoordinates of A and B are the two zeroes of the quadratic polynomial
ax² + bx + c, as shown below:

Case 2: The graph intersects the x-axis at exactly one point, or at two
coincident points. Also, the x-coordinate of A is the only zero for the quadratic
polynomial ax² + bx + c, as shown below:

Case 3: The Graph is completely above x-axis or below x-axis.
So, it does not cut the x-axis at any point. Hence, the quadratic polynomial
ax² + bx + c has no zero, as shown below:
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The quadratic polynomial ax² + bx + c have no zero in this case.
So geometrically we can see a quadratic polynomial can have either two
distinct zeroes or two equal zeroes or no zero. This indicates that a quadratic
polynomial has almost 2 zeroes.
Now, let us look at the cubic polynomial x³ - x
We will choose some values of x and ind the value of y for those values of x.
We have,

x
y =x³ - x

-1

-2

0

1

2

0

-6

0

0

6

Here the graph of y= x³ - x will pass through the point (-1,0), (-2,-6), (0,0), (1,0), (2,6).
Let us see what the graph of y =x³ - x looks like.

From the table above, we can see that -1, 0 and 1 are the zeroes of the cubic
polynomial x³ – x.
We can also observe that the graph of y =x³ - x intersects the x-axis at 1, 0
and -1.
Let's plot the graph of the following two cubic polynomials:
1) x³ +2x²
Answer:
We will choose some values of x and ind the value of y for those values of x.
We have,

x
3

2

y =x +2x

-2

-1

0

1

2

0

1

0

3

16

Here the graph of y=x³ +2x² will pass through the point (-2,0), (-1,1), (0,0),
(1,3), (2,16).
Let us see what the graph of y =x³ +2x² looks like.

Note that, the polynomial x³ +2x² has two zeroes, 0 and -2. Since the graph of
y= x³ + 2x² intersect the x-axis at 0 and 2.
2) x³
Answer:
We will choose some values of x and ind the value of y for those values of x.
We have,

x
y =x

3

-2

-1

0

1

2

-8

-1

0

1

8
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Here the graph of y = x³ - x will pass through the point (-2,-8), (-1,-1), (0,0),
(1,1), (2,8).
Let us see what the graph of y = x³ looks like:

Here 0 is the only zero of the polynomial x3, since the graph of y = x³ intersects
the x-axis only at 0.
From the above two examples we can see that there is a maximum of three
zeroes for any cubic polynomial. Or, any polynomial with degree 3 can have
maximum 3 zeroes.
In general,
Given a polynomial p(x) of degree n, the graph of y = p(x) intersects the x-axis
at a maximum of n points. Therefore, a polynomial p(x) of degree n has a
maximum of n zeroes.

Exercise 2.2
1.The graphs of y = p(x) are given in the ﬁgure below, for some polynomials
p(x). Find the number of zeroes of p(x), in each case.
(1)

(2)

(3)

(4)

(5)

Answer:
The numbers of zeroes in each of the graphs above are:
(1) The number of zeroes is 4 as the graph intersects the x-axis at four points.
(2)The number of zeroes is 1 as the graph intersects the x-axis at only one
point.
(3)0, since the graph is not intersecting the x-axis.
(4)The number of zeroes is 2 as the graph intersects the x-axis at two points.
(5)The number of zeroes is 3 as the graph intersects the x-axis at three
points.

2.3

Relationship between Zeroes and coefcient
of a polynomial

You have already studied in previous class, how to ind the zeroes of a
linear polynomial.
For example: P(x)= 6x+5
If k is the zero of p(x) then p(k)=6k+5=0
Here, the zero of the polynomial, k=
In general
A linear polynomial of the form p(x)=ax+b.
If k is the zero of p(x) then p(k)=ak+b=0
Here, the zero of the polynomial, k=
Thus the zero of the linear polynomial is related to its coef icients.
Now in this chapter we will discuss the relations between zeroes and
coef icient of a quadratic polynomial and cubic polynomial.
First we will see the quadratic polynomial.
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We can generalize the relation between the zeroes and coef icient of a
quadratic polynomial.
If α and β are the zeroes of the quadratic polynomial p(x)=ax²+bx+c, a≠0, then
we know that (x-α) and (x-β) are the factors of p(x).
Therefore,
ax²+bx+c = k(x-α)(x-β), where k is constant
=k[x²-βx-αx+αβ]
=kx²-x(α+β)+αβ
ax²+bx+c =kx²-(α+β)kx+αβ
Comparing the coef icient of x² , x and constant terms on both sides, we get
a=k, b=-(α+β)k and c=αβ
▪ Suppose α and β are the zeroes of the quadratic polynomial
p(x)=a x 2 +bx+c, a≠0, then
▪ Sum of zeroes= α+β =

−b
a

=

−(coef icient of x)

(coef icient of x 2 )
c (constant term )

▪ Product of zeroes = αβ = a (coef icient

of x 2 )

Now let us consider some examples
Example1: ind the zeroes of the quadratic polynomial 9x² -8x -1 and
verify the relationship between the zeroes and the coef icient.
Answer:

Example 2: Find a quadratic polynomial, the sum and product of whose
zeroes are 4 and -7, respectively.
Answer:

Now let us see the cubic polynomial
Consider the cubic polynomial x³ -4x² -5x Find the zeroes of the polynomial
and see whether there exists some relation between its zeroes and its
coef icients.
We have x³ -4x² -5x
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▪ If α, β and γ are the zeroes of the cubic polynomial
p(x) = ax 3 +bx 2 +cx+d, a≠0 then

▪ Sum of zeroes = α+β+γ =

−b
a

▪ Sum of a product of zeroes taken two at a time
c

= αβ+βγ+γα = a

▪ Product of zeroes = αβγ =

−d
a

Let us take one more example
Example1: Find the zeroes of the cubic polynomial x³-3x²-2x+6 and
verify the relationship between the zeroes and the coef icient.
Answer:

Exercise 2.3
1. Find the zeroes of the following quadratic polynomials and verify the
relationship between the zeroes and the coef icients
(i) x² + x -12
Answer:

(ii) x² -2
Answer:
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2. Find a quadratic polynomial each with the given numbers as the sum
and product of its zeroes respectively.
(i) ¼ , -2
Answer:

(ii) 0, √3
Answer:

(iii) -

⁄ , ⁄

Answer:

2.4

Division Algorithm of polynomials

We have learnt how to add and multiply two polynomials. We also know
how to multiply two polynomials. Now let us see division of one
polynomial by another.
As division is the inverse operation of multiplication, the same is for the
division of polynomial.

If a polynomial p(x) is divided by a non-zero polynomial g(x) then there exist
unique polynomials q(x) and r(x) such that
p(x)= g(x)q(x)+r(x) where r(x)=0 or deg r(x) < deg g(x).
Here, p(x)=dividend, q(x)=quotient, g(x)=Divisor and r(x) = remainder.
This rule is known that Division algorithm of polynomial.
Let's try to divide of two polynomials p(x) and g(x)
Where p(x) =6x² + 2x³ + 3x - 4
And q(x) = 1+x
Answer:
We carry out the process of division by means of the following steps:
Step 1: Arrange the dividend and divisor in the standard form.

Step 2: Divide the irst term of the dividend by the irst term of the divisor.

Step 3: Then we multiply the quotient 2x²and the divisor (x-1) and subtract it
from the dividend.

Then we treat the remainder as the dividend and repeat the step 2.
Step 4:

This process continues till the degree of the remainder is less than the degree
of the divisor.
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Step 5:

Add all the quotients we get 2x² +8x + 11
Thus 2x3 + 6x2 +3x - 4 = (x-1)(2x² +8x + 11)+7
i.e. Dividend = (Divisor × Quotient) + Remainder
Now let us take some examples
Answer:
Arranging the terms of the dividend and the divisor in descending order of
their degree and then dividing

Therefore Dividend = (Divisor × Quotient) + Remainder
Thus the division algorithm is veri ied.
Let us now extend this process to divide a polynomial by a quadratic
polynomial.

Answer:
Arranging the terms of the dividend and then dividing
2x + 1
9x² - 2x +3 18x³ + 5x² - 2x +1
18x³ - 4x² + 6x
(-) (+) (-)
9x² - 8x + 1
9x² - 2x + 3
(-) (+) (-)
-6x - 2

Also here, we see that
Dividend = (Divisor × Quotient) + Remainder
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Answer:

Exercise 2.4
1.

Answer:

Quotient = x² + 12x + 20 and remainder = 0
(ii) P(x)= 3x⁴ +2x³ - 5x + 2 and g(x) = x-2
Answer:

Quotient = 3x³ + 8x² + 16x + 17 and remainder = 36
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2. Check whether the irst polynomial is a factor of the second polynomial
by dividing the second polynomial by the irst polynomial:
(i) p3 – 1, p4 + 3p3 − 2p + 3

Answer:
p3 − 1= p3 + 0. p2 − 1

Here remainder = 0, therefore p² - 1 is a factor of p⁴ + 3p³ - 2p + 3

(ii) t2 − 5t + 2, 2t4 + 2t2 + 3
Answer:

t 2 − 5t + 2
2t 4 + 2t 2 − 3 = 2t 4 + + 0. t 3 + 2t 2 + 0. t − 3

Here remainder = 220t+93, therefore t² -5t + 2 is not factor of 2t⁴ +2t² + 3

3. On dividing x ³ – 3x² + x + 2 by a polynomial g(x), the quotient and
remainder were x – 2 and –2x + 4, respectively. Find g(x).
Answer:
Here in the given question,
Dividend = x³ - 3x² + x + 2
Quotient = x - 2
Remainder = -2x + 4
Divisor = g(x)
We know that,
Dividend = Quotient × Divisor + Remainder
⇒ x³ - 3x² + x + 2 = (x - 2) × g(x) + (-2x + 4)
x³ - 3x² + x + 2 - (-2x + 4) = (x - 2) × g(x)
x³ - 3x² + 3x - 2 = (x - 2) × g(x)
g(x) = (x³ - 3x² + 3x - 2)/ (x - 2)
4. Give examples of polynomial p(x), g(x), q(x) and r(x), which satisfy the
division algorithm and
(i) degree p(x) = degree q(x)
(ii) degree q(x) = degree r(x)
(iii) degree r(x) = 0
Answer:
According to the division algorithm, if p(x) and g(x) are two
polynomials
with g(x) ≠ 0, then we can ind polynomials q(x) and r(x) such that
p(x) = g(x) × q(x) + r(x),
....(A)
where r(x) = 0 or degree of r(x) < degree of g(x)
(i) degree p(x) = degree q(x)
From equation (A), then r(x)=0 and q(x) =constant term
Here Let us assume the division of 9x² + 6x + 3 by 3
Here, p(x) = 9x² + 6x + 3
g(x) = 3
q(x) = 3x² +2x + 1
r(x) = 0
Degree of p(x) and q(x) is same i.e. 2.
Checking for division algorithm,
p(x) = g(x) × q(x) + r(x)
Or, 9x² + 6x + 3= 3 × (3x² +2 x + 1)
Hence, division algorithm is satis ied.
(ii)Now degree q(x) = degree r(x)
Let us assume the division of x³+ x by x²,
Here, p(x) = x³ + x
g(x) = x²
q(x) = x and r(x) = x
Clearly, the degree of q(x) and r(x) is the same i.e., 1.
Checking for division algorithm,
p(x) = g(x) × q(x) + r(x)
x³ + x = (x² ) × x + x
x³ + x = x³ + x
Thus, the division algorithm is satis ied.
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(iii) Degree r(x) = 0
Let us assume the division of x³+ 5 by x².
Here, p(x) = x³ + 5
g(x) = x²
q(x) = x and r(x) = 5
clearly, the degree of r(x) is 0.
Checking for division algorithm,
p(x) = g(x) × q(x) + r(x)
x³ + 5 = (x² ) × x + 5
x³ + 5 = x³ + 5
Thus, the division algorithm is satis ied
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